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Abstract. This paper studies the two-component spinor form of massive spin-32 potentials
in conformally flat Einstein four-manifolds. Following earlier work in the literature, a non-
vanishing cosmological constant makes it necessary to introduce a supercovariant derivative
operator. The analysis of supergauge transformations of primary and secondary potentials
for spin 3
2
shows that the gauge freedom for massive spin-3
2
potentials is generated by
solutions of the supertwistor equations. The supercovariant form of a partial connection
on a non-linear bundle is then obtained, and the basic equation of massive secondary
potentials is shown to be the integrability condition on super -surfaces of a dierential
operator on a vector bundle of rank three. Moreover, in the presence of boundaries, a simple
algebraic relation among some spinor elds is found to ensure the gauge invariance of locally
supersymmetric boundary conditions relevant for quantum cosmology and supergravity.
PACS numbers: 0420, 0465, 9880
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1. Introduction
The local theory of spin- 32 potentials in real Riemannian 4-geometries is receiving careful
consideration in the current literature. There are at least two motivations for this analysis.
In Minkowski space-time, twistors arise naturally as charges for massless spin-32 elds [1-5].
In Ricci-flat 4-manifolds, such elds are well dened (Ricci-flatness being a necessary and
sucient consistency condition), and a suitable generalization of the concept of twistors
would make it possible to reconstruct solutions of the vacuum Einstein equations out of
the resulting twistor space. In extended supergravity theories, however, it is necessary
to make sense of massive spin- 32 elds in Riemannian backgrounds. For this purpose, a
careful spinorial analysis of the problem is in order.
We have thus focused on massive spin-32 potentials in 4-manifolds with non-vanishing
cosmological constant, considering the supercovariant derivative compatible with a non-
vanishing scalar curvature. This is the content of section 2. Section 3 studies the gauge
freedom of the second kind, which is generated by a particular type of twistors, i.e. the
Euclidean Killing spinors. Section 4 studies the preservation of spin- 32 eld equations un-
der the supergauge transformations of primary potentials. Section 5 studies secondary
potentials for spin 32 in the massive case. In section 6 a partial superconnection acting
on a bundle with non-linear bres is introduced. Section 7 studies the action of a super-
connection on a vector bundle of rank three, and the corresponding integrability condition
on super -surfaces is derived. Section 8 studies the case of backgrounds with boundaries
and shows the conditions under which locally supersymmetric boundary conditions are
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gauge-invariant. Results and open problems are described in section 9. Relevant details
are given in the appendix.
2. The superconnection
In the massless case, the two-spinor form of the Rarita-Schwinger equations is the one
given in the appendix, where rAA0 is the spinor covariant derivative corresponding to the
connectionr of the background. In the massive case, however, the appropriate connection,
hereafter denoted by S, has an additional term which couples to the cosmological constant
 = 6 [9,10]. In the language of γ-matrices, the new covariant derivative S to be inserted
in the eld equations takes the form [9,10]
S  r + f()γ (2:1)
where f() vanishes at  = 0, and γ are the curved-space γ-matrices. Since, following
[1-8], we are interested in the two-spinor formulation of the problem, we have to bear
in mind the action of γ-matrices on any spinor ’ 

C ; eC0. Note that unprimed and
primed spin-spaces are no longer (anti)-isomorphic in the case of positive-denite 4-metrics,
since there is no complex conjugation which turns primed spinors into unprimed spinors
(or the other way around) [5,11]. Hence C and eC0 are totally unrelated. With this
understanding, we write the supergauge transformations for massive spin-3
2
potentials in
the form (cf [1-5])
bγAB0C0  γAB0C0 + SAB0 C0 (2:2)
3
Twistors in conformally flat Einstein four-manifolds
bΓA0BC  ΓA0BC + SA0B C (2:3)




is dened by (cf (2.1))
SAA0 B  rAA0 B + f1()AB A0 (2:4)
SAA0 B0  rAA0 B0 + f2()A0B0 A: (2:5)
With our notation, R = 24 is the scalar curvature, f1 and f2 are two functions which
vanish at  = 0, whose form will be determined later by a geometric analysis. The action
of SAA0 on a many-index spinor TA:::LB0:::F 0 can be obtained by expanding such a T as a sum











and then applying the Leibniz rule and the denitions (2.4)-(2.5), where A(i) has an inde-
pendent partner eA0(i), ... , γ(i)B0 has an independent partner eγ(i)B , ... , and so on. A further,
non-trivial requirement is that SAA0 should annihilate the curved -spinors [12], in much
the same way as rAA0 annihilates such spinors. In our analysis we always assume that
SAA0 BC = 0 (2:7)
SAA0 B0C0 = 0: (2:8)
In the light of the denitions and assumptions presented so far, one can make sense of












B0C0 = 0 (2:10)
BC SA0(A Γ
A0





BC = 0: (2:12)
With our notation, FA and eFA0 are spinor elds proportional to the traces of secondary
potentials for spin 32 . These will be studied in section 5.
3. Gauge freedom of the second kind
The gauge freedom of the second kind is the one which does not aect the potentials after
a gauge transformation. This requirement corresponds to the case analyzed in [13], where
it is pointed out that whilst the Lagrangian of N = 1 supergravity is invariant under




, the actual solutions are only
invariant if the supercovariant derivatives (2.4)-(2.5) vanish.
On setting to zero SAA0 B and SAA0 B0, one gets a coupled set of equations which
are the Euclidean version of the Killing-spinor equation [13], i.e.
rA
0
B C = −f1()
A0 BC (3:1)
rAB0 C0 = −f2()
A B0C0 : (3:2)
What is peculiar of equations (3.1)-(3.2) is that their right-hand sides involve spinor elds
which are, themselves, solutions of the twistor equation. Hence one deals with a special
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type of twistors, which do not exist in a generic curved manifold (cf [13]). Equation (3.1)






r BC0 B: (3:3)
The insertion of (3.3) into (3.2) and the use of spinor Ricci identities [5,12] yields the
second-order equation
A + (6 + 8f1f2)A = 0: (3:4)
On the other hand, (3.1) implies the twistor equation
rA
0
(B C) = 0: (3:5)
Covariant dierentiation of (3.5), jointly with spinor Ricci identities, leads to [8]
A − 2A = 0: (3:6)
By comparison of (3.4) and (3.6) one nds the condition f1f2 = −. The integrability
condition of (3.5) is given by [11]
 ABCD 
D = 0: (3:7)
This means that our manifold is conformally left-flat, unless D is a four-fold principal
spinor of the anti-self-dual Weyl spinor. The latter possibility is here ruled out, to avoid
having gauge elds related explicitly to the curvature of the background.
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The rst equality in (3.8) results from (3.1), whilst the second one is obtained since the









Entirely analogous results are obtained on considering the twistor equation resulting from
(3.2), i.e.
rA(B0 C0) = 0: (3:10)
The integrability condition of (3.10) is
e A0B0C0D0 D0 = 0: (3:11)
Since our gauge elds are not assumed to be four-fold principal spinors of the Weyl spinor
(cf [14]), equations (3.7) and (3.11) imply that our background geometry is conformally
flat.
4. Compatibility conditions
We now require that the eld equations (2.9)-(2.12) should be preserved under the action
of the supergauge transformations (2.2)-(2.3). This is the procedure one follows in the
massless case, and is a milder requirement with respect to the analysis of section 3.
If B and B0 are twistors, but not necessarily Killing spinors, they obey the equations
(3.5) and (3.10), which imply that, for some independent spinor elds A and eA0 , one has
rA
0
B C = BC eA0 (4:1)
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rAB0 C0 = B0C0 
A: (4:2)
In the compatibility equations, whenever one has terms of the kind SAA0 rAB0 C0 , it is
therefore more convenient to symmetrize and anti-symmetrize over B0 and C 0. A repeated
use of this algorithm leads to a considerable simplication of the lengthy calculations. For

























A = 0: (4:4)
Following (2.4)-(2.5), the action of the supercovariant derivative on A; eA0 yields
SAA0 B  rAA0 B + f1()AB eA0 (4:5)
SAA0 eB0  rAA0 eB0 + f2()A0B0 A: (4:6)
Equations (4.4)-(4.5), jointly with the equations
A0 − 2 A0 = 0 (4:7)
rAA
0
A = 2 
A0 (4:8)
which result from (4.2), lead to
(f1 + f2)eA0 + (f1f2 − )A0 = 0: (4:9)
8
Twistors in conformally flat Einstein four-manifolds
Moreover, the preservation of (2.10) under (2.2) leads to the equation
SB
0(A B) + f2r
B0(A B) = 0 (4:10)
which reduces to
rB
0(A B) = 0 (4:11)
by virtue of (4.1) and (4.5). Note that a supertwistor is also a twistor, since
SB
0(A B) = rB
0(A B) (4:12)
by virtue of the denition (4.5). It is now clear that, for a gauge freedom generated by
twistors, the preservation of (2.11)-(2.12) under (2.3) leads to the compatibility equations
(f1 + f2)A + (f1f2 − )A = 0 (4:13)
rB(A
0 eB0) = 0 (4:14)
where we have also used the equation (see (3.6) and (4.1))
rAA
0 eA0 = 2 A: (4:15)
Note that, if f1 + f2 6= 0, one can solve (4.9) and (4.13) as
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and hence one deals again with Euclidean Killing spinors as in section 3. However, if
f1 + f2 = 0 (4:18)
f1f2 −  = 0 (4:19)
the spinor elds eA0 and A0 become unrelated, as well as A and A. This is a crucial
point. Hence one may have f1 = 
p
−, f2 = 
p
−, and one nds a more general
structure.
In the generic case, we do not assume that B and B0 obey any equation. This
means that, on the second line of equation (4.3), it is more convenient to express the term
in square brackets as 2SA(A0 r
A
B0) C0 . The rules of section 2 for the action of SAA0 on












− 6 A + 4f2P
B







B) = 0 (4:22)
eA0B0CD D + f1 eU (A0B0)C − f1r (A0C B0) = 0 (4:23)
where the detailed form of P; eP ;Q; eQ is not strictly necessary, but we can say that they
do not depend explicitly on the trace-free part of the Ricci spinor, or on the Weyl spinors.
Note that, in the massless limit f1 = f2 = 0, the equations (4.20)-(4.23) reduce to the
familiar form of compatibility equations which admit non-trivial solutions only in Ricci-
flat backgrounds [8].
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Our consistency analysis still makes it necessary to set to zero ABC0D0 (and hence
eA0B0CD by reality [11]). The remaining contributions to (4.20)-(4.23) should then become
algebraic relations by virtue of the twistor equation. This is conrmed by the analysis of
gauge freedom for secondary potentials in section 5.
5. Secondary potentials
In Ricci-flat 4-manifolds, secondary potentials for spin 3
2
are introduced by requiring that
locally [5,15]
γ CA0B0  rBB0 
CB
A0 : (5:1)













A0 = 0 (5:2)
where A0   CA0C . Remarkably, equation (5.2) admits a square root in that, if the




B0 = 0 (5:3)
then (5.2) reduces to an identity by virtue of spinor Ricci identities jointly with the basic
rules of two-spinor calculus [8]. However, if the trace-free part of the Ricci spinor vanishes
but  does not vanish, the eect of  makes it necessary to write both (5.3) and the
equation [5]
A0 = 2eA0 (5:4)
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where eA0 is a spinor eld solving the Weyl equation [8,16]. An analogous local construction
holds for the Γ-potentials. The corresponding secondary potentials are dened locally as
Γ C
0
AB  rBB0 
C0B0
A : (5:5)
The insertion of (5.5) into the Rarita-Schwinger equation (A.3) yields a second-order equa-





B = 0 (5:6)
jointly with [5]
A = 2A (5:7)
where A   C
0
AC0 , and A solves the Weyl equation r
AA0 A = 0 [8,16].
According to the prescription of section 2, which amounts to replacingrAA0 by SAA0
in the eld equations [9,10], we now assume that the super Rarita-Schwinger equations









B = 0 (5:9)
where the secondary potentials are subject locally to the supergauge transformations
b ALB0   ALB0 + S AB0 L (5:10)
b A0L0B   A0L0B + S A0B L0 : (5:11)
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The analysis of the gauge freedom of the second kind is entirely analogous to the one in
section 3, since equations like (2.4)-(2.5) now apply to L and L0 . Hence we do not repeat
this investigation.





L) = r (AB0 




L0) = r (A
0
B 
L0) = 0: (5:13)
Thus, on requiring the preservation of the super Rarita-Schwinger equations (5.8)-(5.9)











L0 = 0 (5:15)
which lead to
(f1 + f2)F + (f1f2 −)F = 0 (5:16)
(f1 + f2)eF 0 + (f1f2 − )F 0 = 0: (5:17)
Hence we can repeat the remarks following equations (4.16)-(4.19). Again, it is essential
that F ; F and eF 0 ; F 0 may be unrelated if (4.18)-(4.19) hold. In the massless case,
this is impossible, and hence there is no gauge freedom compatible with a non-vanishing
cosmological constant [8].
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If one does not assume the validity of equations (5.12)-(5.13), the general preservation
equations (5.14)-(5.15) lead instead to the compatibility conditions
 AFLD 
D − 2 (A F)L + 2f2!
(AF)L + f1
L(A TF) + f1
L(A SF)B
0
B0 = 0 (5:18)
e A0F 0L0D0 D0−2 (A0 F 0)L0+2f1e!(A0F 0)L0+f2L0(A0 eTF 0)+f2L0(A0 SF 0)B B = 0: (5:19)
If we now combine the compatibility equations (4.20)-(4.23) with (5.18)-(5.19), and require
that the gauge elds A; A0 ; A; A0 should not depend explicitly on the curvature of the
background, we nd that the trace-free part of the Ricci spinor has to vanish, and the
Riemannian 4-geometry is forced to be conformally flat, since under our assumptions the
equations
 AFLD 
D = 0 (5:20)
e A0F 0L0D0 D0 = 0 (5:21)
force the anti-self-dual and self-dual Weyl spinors to vanish. Remarkably, equations (5.20)-
(5.21) are just the integrability conditions for the existence of non-trivial solutions of the
supertwistor equations (5.12)-(5.13). Hence the spinor elds !; T; e! and eT in (5.18)-(5.19)
are such that these equations reduce to (5.16)-(5.17). In other words, for massive spin-32
potentials, the gauge freedom is indeed generated by solutions of the twistor equations in
conformally flat Einstein 4-manifolds.
Last, on inserting the local equations (5.1) and (5.5) into the second half of the
Rarita-Schwinger equations (cf (A.2) and (A.4) of the appendix), and then replacingrAA0
by SAA0 [9], one nds equations whose preservation under the supergauge transformations
(5.10)-(5.11) is again guaranteed if the supertwistor equations (5.12)-(5.13) hold.
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6. Non-linear superconnection
As a rst step in the proof that (5.8)-(5.9) arise naturally as integrability conditions of
a suitable connection, we introduce a partial superconnection WA0 (cf [15]) acting on
unprimed spinor elds D dened on the Riemannian background.
With our notation [15]
WA0 D  






where the operator ΩAA0 acts on spinor elds D, we obtain
A ΩAA0 = 
A SAA0 − B C 
BC
A0 : (6:3)
Following [15], we require that ΩAA0 should provide a genuine superconnection on the
spin-bundle, so that it acts in any direction. Thus, from (6.3) we can take (cf [15])
ΩAA0  SAA0 − 




A A0 : (6:4)
Note that (6.4) makes it necessary to know the trace A0 , whilst in (6.1) only the symmetric
part of  BCA0 survives. Thus we can see that, independently of the analysis in the previous
sections, the denition of ΩAA0 picks out a potential of the Rarita-Schwinger type [15].
15
Twistors in conformally flat Einstein four-manifolds
7. Integrability condition
In section 6 we have introduced a superconnection ΩAA0 which acts on a bundle with non-
linear bres, where the term −C A0AC is responsible for the non-linear nature of ΩAA0
(see (6.4)). Following [15], we now pass to a description in terms of a vector bundle of
rank three. On introducing the local coordinates (uA; ), where
uA =  A (7:1)
the action of the new operator eΩAA0 reads (cf [15])
eΩAA0(uB; ) SAA0 uB; SAA0  − uC A0AC: (7:2)
Now we are able to prove that (5.8)-(5.9) are integrability conditions.





is varying and uA obeys the equation
uA SAA0 uB = 0 (7:3)
which means that uA is supercovariantly constant over the surface. On dening
A0  uB uC 
BC
A0 (7:4)
the condition for eΩAA0 to be integrable on super -surfaces is (cf [15])
uA eΩAA0 A0 = uA uB uC SA0(A  B)CA0 = 0 (7:5)
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A0 = 0 (7:6)
which is the equation (5.8). Similarly, on studying super -surfaces dened by the equation
euA0 SAA0 euB0 = 0 (7:7)
one obtains (5.9). Thus, although (5.8)-(5.9) are naturally suggested by the local theory
of spin- 3
2
potentials, they have a deeper geometric origin, as shown.
8. Gauge invariance of boundary conditions
In the presence of boundaries one has to impose a suitable set of boundary conditions. We
study the gauge invariance of locally supersymmetric boundary conditions rst proposed in
[18], which make it possible to relate bosonic and fermionic elds trough the action of com-
plementary projection operators at the boundary [8,19]. On using two-component spinor
notation for supergravity [20-21], the spin- 32 boundary conditions relevant for quantum






i = e A0i at @M (8:1)
where en A
0
A is the Euclidean normal to the boundary [5-8,21] and

 Ai;
e A0i  are the in-
dependent (i.e. not related by any conjugation) spatial components (hence i = 1; 2; 3) of
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the spinor-valued one-forms appearing in the action functional of Euclidean supergrav-




e A0i  can be expressed as [3,8,20]





e A0 i = γCA0B0 e B0C i : (8:3)
Bearing in mind that the gauge freedom is generated by solutions of the supertwistor
equations (cf (4.1)-(4.2)), the boundary conditions (8.1) are preserved under the action of
the supergauge transformations (2.2)-(2.3) if the spinor elds C , C
0






eC0 + f1 C0 eAC0i = C + f2Ce A0C i at @M: (8:4)
Thus, we have obtained a simple algebraic relation among the spinor elds occurring in
(4.1)-(4.2), which ensures the gauge invariance of the boundary conditions (8.1).
9. Concluding remarks
We have given an entirely two-spinor description of massive spin-32 potentials in Einstein
4-geometries. Although the supercovariant derivative (2.1) was well-known in the litera-
ture, following the work in [9], and its Lorentzian version was already applied in [13,17],
the systematic analysis of primary and secondary potentials with the local form of their
18
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supergauge transformations was not yet available in the literature, to the best of our
knowledge.
Our rst result is the two-spinor proof that, for massive spin- 32 potentials, the gauge
freedom is generated by solutions of the supertwistor equations in conformally flat Ein-
stein 4-manifolds. Moreover, we have shown that the rst-order equations (5.8)-(5.9),
whose consideration is suggested by the local theory of massive spin-3
2
potentials, admit
a deeper geometric interpretation as integrability conditions on super - and super -
surfaces of a connection on a rank-three vector bundle. This result generalizes the analysis
of massless spin- 32 elds appearing in [15]. Besides that, in the presence of boundaries we
have found the condition under which locally supersymmetric boundary conditions [18-19]
are gauge-invariant. One now has to nd explicit solutions of the equations (2.9)-(2.12),
and the supercovariant form of -surfaces studied in our paper deserves a more careful
consideration. Hence we hope that our work can lead to a better understanding of twistor
geometry and consistent supergravity theories in four-dimensions.
Appendix
For completeness, we write the Rarita-Schwinger equations for massless spin-3
2
potentials








B0C0 = 0 (A:2)
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BC rA0(A Γ
A0





BC = 0: (A:4)
Note that, if one works with rAA0 when  does not vanish, the right-hand sides of (A.1)
and (A.3) should be replaced by −3 eA0 and −3 A respectively, where A and eA0
are spinor elds solving the Weyl equations [5,8,16]. In the massless case  is forced to
vanish [1-4,8], but for massive models such contributions should be taken into account (cf
our equations (2.9) and (2.11)).
In [13], the equation for Lorentzian Killing spinors is written in the form (see also
equations (29) of [17], and cf our equations (3.1)-(3.2))
rAX0OB = b AB OX0 (A:5)
where the parameter b is proportional to
p
−, and the overbar denotes, as usual, the
complex conjugation of spinors.
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